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The behavior of perturbations is studied in cosmological models which consist of two different
homogeneous regions connected in a spherical shell boundary. The junction conditions for the
metric perturbations and the displacements of the shell boundary are analyzed and the surface
densities of the perturbed energy and momentum in the shell are derived, using Mukohyama’s
gauge-invariant formalism and the Israel discontinuity condition. In both homogeneous regions, the
perturbations of scalar, vector and tensor types are expanded using the 3-dimensional harmonic
functions, but the mode coupling among them is caused in the shell by the inhomogeneity. By
treating the perturbations with odd and even parities separately, it is found, however, that we can
have consistent displacements and surface densities for given metric perturbations.
PACS numbers: 98.80.Cq, 98.70.Vc, 95.35.+d
I. INTRODUCTION
In the real Universe, it is known at present that there are many superclusters and void-like objects with
nonlinear overdense and underdense regions which are distributed everywhere on various scales. Such objects
may have complicated structures in general, but their evolution has often been studied in comparatively large-
scale cases, using a simplified assumption of spherical symmetry.
As general-relativistic examples of spherical treatments we have the analysis due to the Tolman-Bondi-
Lemaitre inhomogeneous dust model [1, 2], a single-shell model consisting of two different homogeneous regions
connected with a spherical shell [3, 4], a self-similar model being described using the self-similar solutions [5, 6],
a model consisting of two homogeneous regions connected with the self-similar intermediate region [7, 8, 9], and
so on.
In order to study the dynamical behavior of the large-scale superclusters and void-like objects and their
influence on the CMB anisotropy, moreover, it is necessary to consider the gravitational instability of these
models. The general gauge-invariant formalism for linear perturbations in spherical symmetric inhomogeneous
models was derived by Gerlach and Sengupta [10, 11, 12, 13] in four-dimensional spacetimes. Recently the
junction of perturbations in two homogeneous regions was treated by Mukohyama[14, 15] and Kodama et
al.[16] in higher dimensional spacetimes on the basis of the Israel discontinuity condition [17]. In this paper,
we study the behavior of linear perturbations in the four-dimensional cosmological models with a single shell,
using Mukohyama’s formalism. Here only one of his doubly gauge-invariant variables are used, and in both
homogeneous regions the perturbations are classified into scalar, vector and tensor types in three dimensional
space and expanded in terms of three dimensional harmonic functions [18, 19] in order to clarify the physical
image of perturbations, though he classified them in a space of the shell surface. Among them the mode coupling
is caused by the inhomogeneity in the shell. By treating the perturbations with odd and even parities separately,
it is found however that the consistent expressions of the shell displacement and the energy-momentum tensor
in the shell can be derived for given metric perturbations in both regions.
In §II, we describe briefly the single-shell model as the background model, in which the velocity of the
shell is determined through the junction condition. In §III, we show the basic equations for gauge-invariant
perturbations and the junction condition based on Mukohyama’s formalism [14, 15]. In §IV, we derive the
intrinsic perturbations of metric and extrinsic curvature in the shell, and show the displacements of the shell
and the intrinsic energy-momentum tensor in the shell which are derived from the junction conditions, by
treating the perturbations with odd-parity and even-parity separately and imposing a localization condition on
the wave-number dependence of the shell displacement. §V is given to the concluding remarks. In Appendix
A, the harmonic functions in a homogeneous background model are shown, which are necessary for the analysis
of the description of junction conditions. In Appendices B ad C, auxiliary quantities Jλµν and Θµν for the
perturbed gravitational field and the intrinsic energy-momentum tensor in the shell, respectively, are shown.
2II. BACKGROUND MODELS AND THE JUNCTION CONDITIONS
The background universe is assumed to consist of two spatially homogeneous regions connected by a spherical
shell. The four-dimensional line-elements in the inner region V− and the outer region V+ are described as
ds2 = g±µν(dx
µ)±(dx
ν)± = [a±(η±)]
2[−(dη±)
2 + dl2±], (1)
dl2± = γ
±
ij (dx
i)±(dx
j)± = (dχ±)
2 + [σ±(χ±)]
2dΩ2, (2)
where the suffices µ, ν and i, j run from 0 to 3 and from 1 to 3, respectively, x1± = χ±, σ±(χ±) = sinχ±, χ±
and sinhχ± for the spatial curvature K± = 1, 0,−1, respectively, and dΩ
2 = dθ2 + sin2 θdϕ2. The shell is a
time-like hypersurface Σ given as
xµ± = Z
µ
±(y
M ), (3)
where yM (M = 0, 2, 3) denote the intrinsic coordinates in the shell. In the following we specify the coordinates
in the form
xA± = Z
A
±(y
0), xa± = y
a, (4)
where the suffices A and a take the values (0, 1) and (2, 3), respectively. When we define the tangential triads
eµ(M)± (M = 0, 2, 3) by e
µ
(M)± = ∂x
µ
±/∂y
M , the intrinsic metric is given by
q±MN = e
µ
(M)±e
ν
(N)±g
±
µν . (5)
If we specify y0 as the proper time τ in the shell, the components of the triads can be expressed as
eµ(0)± = (∂x
0/∂y0, ∂x1/∂y0, 0, 0) = F±(1, v±, 0, 0), (6)
eµ(2)± = (0, 0, 1, 0) and e
µ
(3)± = (0, 0, 0, 1), where F± ≡ γ±/a±, v± ≡ dx
1
±/dx
0
± (= dx
1
±/dη±) and γ± ≡
1/
√
1− (v±)2. Here we take the units of the light velocity c = 1. The unit normal vector n
µ
± of Σ is defined by
the conditions nµ±e
µ
(M)± = 0 (M = 0, 2, 3) and nµ±n
µ
± = 1, and the components can be expressed as
nµ± = (−v±, 1, 0, 0)γ±/a±. (7)
The line-element in the shell in terms of the intrinsic coordinates is
ds2 = qMNdy
MdyN = −dτ2 +R2dΩ2, (8)
where y0 = τ, y2 = θ, y3 = ϕ, and R ≡ a+σ(χ+) = a−σ(χ−).
Since the intrinsic geometry is regular, the induced metric should be continuous and we have
qMN+ = qMN− ≡ qMN . (9)
The extrinsic curvature of Σ is defined by
KMN± =
1
2
eµ(M)±e
ν
(N)±Lngµν = e
µ
(M)±e
ν
(N)±[nµ;ν + nν;µ], (10)
where L represents the Lie derivative, n denotes the unit normal of Σ, and a suffix ;µ denotes the four-
dimensional covariant derivative with respect to xµ. For the energy-momentum tensor T µν , the corresponding
surface component Sµν in the shell is defined using the Gaussian normal coordinates as
Sµν = lim
ǫ→0
∫ ǫ
−ǫ
Tµνdζ, (11)
where ζ is the radial coordinate and ζ = 0 is for the shell surface. The expression SMN in the intrinsic
coordinates is given by
SMN = e
µ
(M)e
ν
(N)Sµν , (12)
3where eµ(M) is the triad in the gaussian normal coordinates.
From the junction conditions derived by Israel, we obtain the relations between the jump of the extrinsic
curvature and the surface energy-momentum tensor SMN as
[KMN ]
± = −κ2(SMN −
1
2
S qMN ), (13)
together with the additional relations
− SNM|N = [T
n
M ]
± (14)
and
1
2
(KMN+ +K
M
N−) S
N
M = [T
n
n ]
±, (15)
where [Φ]± ≡ Φ+ − Φ−, S ≡ qMNSMN , q
MN is the inverse of the induced metric qMN , κ
2 ≡ 8πG, and
T nM± = nµ±e
ν
(M)±(T
µ
ν )± T
n
n± = nµ±n
ν
±(T
µ
ν )±, (16)
SNM = q
NLSLM . (17)
In the case of dust matter, we have
Tµν± = ρ±uµ±uν±, SMN = σ˜vM±vN±, (18)
where σ˜ is the surface density of dust matter. For the metric (1), we have
K00± = [γ
2
±v˙± + (a˙±/a±)v±]γ±/a±, (19)
and
K22± = K
3
3± = [σ
′/σ + (a˙±/a±)v±]γ±/a±, (20)
where KMN± = q
MLKLN±, and a dot and a prime denote ∂/∂η± and ∂/∂χ±, respectively.
By substituting these equations (19) and (20) into the above Eqs.(13) - (15), we can obtain equations for v±
and σ˜. By solving these equations, Sakai et al.[3] derived their time evolution and showed that |v±|
2 ≈ 10−5 ≪ 1.
Moreover the following constraint equation for σ˜ is obtained:
[γ(σ′ + vHR)]± = −
1
2
κ2Rσ˜, (21)
where R ≡ a+σ+ = a−σ−.
In the following the suffice ± is omitted except for the case when it is necessary. Here let us show the relations
necessary for the later calculations:
q00 = −1, q22 = q33/ sin
2 θ = (aσ)2, (22)
q00 = −1, q22 = q33 sin2 θ = (aσ)−2, (23)
K00 = −(γ/a)[γ
2v˙ + (a˙/a)v], K22 = K33/ sin
2 θ = aγσ2[σ′/σ + (a˙/a)v], (24)
where K ≡ qMNKMN = (γ/a)[2σ
′/σ + 3(a˙/a)v + γ2v˙] and K00 = K00,K
22 = K33 sin2 θ = K22/(aσ)
4.
K00 −Kq00 = 2(γ/a)[σ
′/σ + (a˙/a)v],
K22 −Kq22 = [K33 −Kq33]/ sin
2 θ = −aγσ2[σ′/σ + 2(a˙/a)v + γ2v˙]. (25)
4III. PERTURBATIONS AND THE JUNCTION CONDITIONS
The perturbations of gµν and Z
µ around the background (g¯µν and Z¯
µ) are considered:
gµν = g¯µν + δgµν , Z
µ = Z¯µ + δZµ. (26)
The perturbed tangent vectors are expressed as
eµ(M) = e¯
µ
(M) − LδZ e¯
µ
(M). (27)
For the perturbations of the induced metric:
qMN = q¯MN + δqMN , (28)
Mukohyama derived the expression
δqMN = e
µ
(M)e
ν
(N)(δgµν + LδZ g¯µν). (29)
The perturbed normal is expressed as
δnµ =
1
2
n¯µn¯ν n¯λδgνλ + e
µ
(M)q
MN n¯νLδZe
ν
(N) (30)
and
δKMN =
1
2
eµ(M)e
ν
(N)[LδZ g¯µν + LδZLng¯µν − 2n
λδΓλµν ], (31)
where
δΓλµν ≡
1
2
(δgλµ;ν + δgλν;µ − δgµν;λ). (32)
This perturbed extrinsic curvatures are reduced to
δKMN =
1
2
IKMN −
1
2
nλeµ(M)e
ν
(N)Jλµν , (33)
where
I ≡ nµnν(δgµν + 2δZµ;ν) (34)
and
Jλµν ≡ 2δΓλµν + δZλ;µν + δZλ;νµ + (Rαµλν +Rανλµ)δZ
α. (35)
Under the gauge transformation
xµ → x′
µ
= xµ + ξµ, (36)
δµν and δZ
µ transform as
δgµν → δgµν − ξµ;ν − ξν;µ, δZ
µ → δZµ + ξµ, (37)
and it is found that δqMN and δKMN are invariant under this gauge transformation. The junction conditions
for the perturbations of metric and extrinsic curvature which was shown by Mukohyama[15] are expressed as
δqMN+ = δqMN− (38)
and
[δK˜MN ]
± = −κ2(δS˜MN −
1
2
δS˜ qMN ), (39)
5where
δK˜MN ≡ δKMN −
1
2
(KLMδqLN +K
L
NδqLM ), (40)
and
δS˜MN ≡ δSMN −
1
2
(SLMδqLN + S
L
NδqLM ) (41)
with S = qMNSMN and δS˜ = q
MN δSMN . The equation (39) is consistent with a relation
[δK˜MN ]
± = −κ2{δSMN −
1
2
(δSqMN + SδqMN )}, (42)
so that
− κ2δSMN = [δKMN − δKqMN −KδqMN ]
±, (43)
where δK = δqMNKMN + q
MN δKMN = q
MNδKMN −K
MNδqMN .
When the metric perturbations in the two regions V+ and V− are given, we can determine δqMN , δKMN and
δSMN using Eqs. (29), (31) and (43), and find the conditions which are imposed on the shell displacements,
using Eq.(38).
IV. PERTURBED QUANTITIES IN THE BOUNDARY SHELL
In this section we express first the perturbations of the induced metric and the extrinsic curvature, using the
gauge-invariant variables representing metric perturbations and the shell displacement, and derive the pertur-
bations of the energy-momentum tensors in the shell. The metric perturbations and the harmonic functions in
the homogeneous regions are shown in Appendix A.
A. Metric perturbations
The metric perturbations in Eq. (29) are rewritten in terms of xµ as
δqMNdy
MdyN = (δgµν + δZµ;ν + δZν;µ)dx
µdxν , (44)
where δZµ represents the displacement of the boundary shell. δZ0 and δZi are here treated as spatially 3-
dimensional quantities in accord with the metric perturbations. In principle they are the quantities given in the
shell. In Mukohyama’s formalism[15] the displacements of the shell were regarded as functions of only intrinsic
variables τ, θ and ϕ which are spatially 2-dimensional. In order to recover the local nature of δZ0 and δZi in
our case, we impose later a localization condition, under which their behavior is constrained so that their values
may be nonzero only in the neighborhood of the shell. The coefficients in the right-hand side of this equation
are expressed as follows using the gauge-invariant variables.
1. Scalar perturbations
δg00 + 2δZ0;0 =
∫
k2dk[−2a2ΦA + 2a(φ0/a)
.]Q,
δg0i + δZi;0 + δZ0;i =
∫
k2dk[a2(φL/a
2). + φ0]Q,i,
δgij + δZi;j + δZj;i =
∫
k2dk[(2a2ΦH − 2
a˙
a
φ0)γijQ− kφL(Qi|j +Qj|i)], (45)
where the suffix |i denotes the covariant derivative in the 3-dimensional space with dl2 = γijdx
idxj , δZ0 and
δZi are expanded in terms of harmonic functions as δZ0 =
∫
k2dk z0Q and δZi =
∫
k2dk zLQi, and k is the
wave-vector, whose length is k = |k|. Here, ΦA,ΦH , φ0 and φL are the gauge-invariant variables defined by
ΦA ≡ A+
1
k
B˙ +
1
k
a˙
a
B −
1
k2
(
H¨T +
a˙
a
H˙T
)
,
6ΦH ≡ HL +
1
3
HT +
1
k
a˙
a
B −
1
k2
a˙
a
H˙T ,
φ0 ≡ z0 + (a
2/k)(B − H˙T /k),
φL ≡ −zL/k + a
2HT /k
2, (46)
where various expressions for the metric perturbations and harmonic functions are shown in Appendix A. Here
we use normalized harmonic functions.
Since dx0 = Fdy0, dx1 = Fvdy0, dx2 = dy2 and dx3 = dy3 with F ≡ e0(0) = γ/a, we obtain
δq00 =
∫
k2dk F 2[ζ0Q + 2vζLQ,1 + v
2(ζLLγ11Q+ 2k
2φLQ11)],
δq0a =
∫
k2dk F [ζLQ,a + 2vk
2φLQ1a],
δqab =
∫
k2dk [ζLLγabQ+ 2k
2φLQab], (47)
where ζ0 ≡ −2a
2ΦA + 2a(φ0/a)
., ζL ≡ a
2(φL/a
2). + φ0 and ζLL ≡ 2a
2ΦH − 2(a˙/a)φ0 −
2
3k
2φL. For I defined
in Eq.(34), we obtain
(a/γ)2I =
∫
k2dk
{[
2a2ΦH − 2
a˙
a
φ0
]
Q+ 2φLQ,11 + 2v[a
2(φL/a
2). + φ0]Q,1 + v
2[−2a2ΦA + a(φ0/a)
.]Q
}
.
(48)
Equations (47) are rewritten using spherical harmonics as follows:
δq00 =
∫
k2dkF 2
{
[ζ0Π+ 2vζLΠ
′ + v2
[
ζLLΠ+ 2φL
(
Π′′ +
k2
3
Π
)]}
Ylm,
δq0a =
∫
k2dkF [ζLΠ+ 2vφL(Π
′ −
σ′
σ
Π)]Ylm,a,
δqab =
∫
k2dk
[
φLΠY˜ab +
{
ζLL + 2φL
[
Π′
σ′
σ
+
(
k2
3
−
l(l + 1)
2σ2
)
Π
]}
γabYlm
]
, (49)
where Q = Πl(k, χ)Ylm(θ, ϕ), the suffix l in Πl is omitted, Ylm(θ, ϕ) is the spherical harmonics and Y˜ab is a
2-dimensional traceless tensor defined by
Y˜ab ≡ Ylm‖ab +
l(l + 1)
2σ2
γabYlm. (50)
Here a and b take the value 2 or 3 and ‖ denotes the covariant derivative with respect to the space with
dΩ2 = dθ2 + sin2 θdϕ2.
In these equations, dots mean ∂/∂η+ and ∂/∂η− in V
+ and V−, respectively, primes mean ∂/∂χ+ and ∂/∂χ−
in V+ and V−, respectively, Π+ and Π− are equal to Π(χ+) and Π(χ+), and a suffix k is omitted here and in
the following. Here, if we change the time variables η+ and η− to the common variable τ(= y
0) in the shell by
∂/∂η± = (a±/γ±)∂/∂τ , then we have
ζ0 = −2a
2ΦA +
2
γ
a2(φ0/a),τ ,
ζL = a
3(φL/a
2),τ + φ0,
ζLL = 2a
2ΦH − 2a,τφ0 −
2
3
k2φL. (51)
2. Vector perturbations
The coefficients of Eq.(44) are
δg00 + 2δZ0;0 = 0,
δg0i + δZi;0 + δZ0;i =
∫
k2dk[−a2Ψ+ a2(φT /a
2).]Vi,
δgij + δZi;j + δZj;i =
∫
k2dk[−2kφT ]Vij , (52)
7where δZ0 = 0 and δZi =
∫
k2dkzTVi, and Ψ and φT are the gauge-invariant variables defined as follows:
Ψ ≡ B −
1
k
H˙
(1)
T , φT ≡ zT −
1
k
a2H˙
(1)
T . (53)
The induced metric perturbations are
δq00 = −2F
2v
∫
k2dk{[−a2Ψ+ a2(φT /a
2).]V1 + vkφTV11},
δq0a = F
∫
k2dk{[−a2Ψ+ a2(φT /a
2)·]Va − 2vkφTV1a},
δqab = −2
∫
k2dk (kφT )Vab, (54)
where V1a = −
1
2k [V1,a +R
2(Va/R
2),1]. For I we obtain
(a/γ)2I = −2
∫
k2dk{v[a2Ψ+ a2(φT /a
2).]V1 + kφTV11}. (55)
Equations (54) are rewritten using spherical harmonics in the cases of odd and even parities as follows:
(2-1) The odd-parity case
Since V1 = 0 (cf. Appendix A), we have
δq00 = 0,
δq0a = F
∫
k2dk{[−a2Ψ+ (a3/γ)(φT /a
2),τ ]Va + vφT [Va,1 − 2(σ
′/σ)Va]},
δqab =
∫
k2dkφT [Va‖b + Vb‖a], (56)
where (V2, V3) = σ(χ)Π(−Ylm,3/ sin θ, Ylm,2 sin θ). These 3-dimensional vector perturbations are also 2-
dimensional vector perturbations.
(2-2) The even-parity case
Harmonic functions are
V1 = l(l + 1)(Π/σ)Ylm,
(V2, V3) = (Πσ)
′(Ylm,2, Ylm,3), (57)
and the intrinsic metric perturbations are
δq00 = −2F
2v
∫
k2dk
[
−a2Ψ+ (a3/γ)(φT /a
2),τ − vφT
(
Π′
Π
−
σ′
σ
)]
V1,
δq0a = F
∫
k2dk
{
[−a2Ψ+ (a3/γ)(φT /a
2),τ ]Va + vφT [Va,1 − 2(σ
′/σ)Va + V1,a]
}
,
δqab =
∫
k2dkφT [Va‖b + Vb‖a + 2γab
σ′
σ
V1]. (58)
These expressions are reduced to
δq00 = −2F
2v
∫
k2dk
[
−a2Ψ+ (a3/γ)(φT /a
2),τ − vφT
(
Π′
Π
−
σ′
σ
)]
l(l+ 1)(Π/σ)Ylm,
δq0a = F
∫
k2dk{[−a2Ψ+ (a3/γ)(φT /a
2),τ ](Πσ)
′ + vφT [(Πσ)
′′ − 2(σ′/σ)(Πσ)′ + l(l + 1)(Π/σ)]}Ylm,a,
δqab =
∫
k2dkφT {2(Πσ)
′Y˜ab +
l(l + 1)
σ2
[2Πσ′ − (Πσ)′]}γabYlm. (59)
In this form the dependence on spherical harmonics is found to be quite the same as that of scalar perturbations.
83. Tensor perturbations
The non-zero coefficient of Eq.(44) is
δgij + δZi;j + δZj;i = −2a
2
∫
k2dkH
(2)
T Gij , (60)
and the induced metric components are
δq00 = −2a
2F 2v2
∫
k2dkH
(2)
T G11,
δq0a = −2a
2Fv
∫
k2dkH
(2)
T G1a,
δqab = −2a
2
∫
k2dkH
(2)
T Gab. (61)
For I we obtain
(a/γ)2I = −2a2
∫
k2dkH
(2)
T G11. (62)
Equations (61) are rewritten using spherical harmonics in the cases of odd and even parities as follows:
(3-1) The odd-parity case
If we define a 2-dimensional axial vector Wa by
Wa ≡ (−Ylm,3/ sin θ, Ylm,2 sin θ) (63)
for a = 2, 3, we obtain
δq00 = 0,
δq0a = Fv
∫
k2dkH
(2)
T (l − 1)(l + 2)ΠWa,
δqab =
∫
k2dkH
(2)
T (Πσ
2)′(Wa‖b +Wb‖a). (64)
When we compareWa with Va in the odd-parity case of vector perturbations, we have the relation Va = (Πσ)Wa,
so that with respect to the two-dimensional angular dependence the tensor perturbations in the odd-parity case
have the same form as vector perturbations in the odd-parity case.
(3-2) The even-parity case
δq00 = (Fv)
2
∫
k2dkH
(2)
T L(Π/σ
2)Ylm,
δq0a = Fv
∫
k2dkH
(2)
T (l − 1)(l + 2)
(Πσ)′
σ
Ylm,a,
δqab =
∫
k2dkH
(2)
T
[
2Gnl Y˜ab −
L
2
ΠγabYlm
]
, (65)
where the definitions of L and Gnl are given in Appendix A. In this form the dependence on spherical harmonics
is found to be quite the same as that of scalar perturbations, as well as that of vector perturbations in the
even-parity case.
B. Perturbations of the extrinsic curvature and the energy-momentum tensor
in the shell
Now let us calculate the perturbed extrinsic curvature δKMN using Eq.(33) and derive the perturbed energy-
momentum tensor δSMN from Eq.(43). The former expression is rewritten as
δKMN =
1
2
I KMN −
1
2
γ
a
∫
k2dkFMN , (66)
9where FMN is defined by FMN ≡ n
λeµ(M)e
ν
(N)Jλµν . They have the following components:
F00 = (γ/a)
2[J100 + v(J000 + 2J101) + v
2(J111 + 2J001) + v
3J011],
F22 = J122 + vJ022,
F33 = J133 + vJ033,
F23 = J123 + vJ023,
F02 = (γ/a)[J102 + v(J002 + J112) + v
2J012],
F03 = (γ/a)[J103 + v(J003 + J113) + v
2J013], (67)
where F20 = F02,F30 = F03, and F32 = F23. The expressions of Jλµν in terms of gauge-invariant variables of
metric perturbations and displacements of the boundary shell are shown in Appendix B.
The energy-momentum tensor in the shell is expressed as
− κ2δSMN = [Θ˜MN ]
±,
Θ˜MN ≡
∫
k2dkΘMN ≡
1
2
I(KMN −KqMN )−
1
2
γ
a
∫
k2dkF˜MN −KδqMN , (68)
where
F˜MN ≡ FMN − q
KLFKL qMN (69)
and their components are
F˜00 =
1
(aσ)2
[J122 + vJ022 + (J133 + vJ033)/ sin
2 θ],
F˜22 = (σγ)
2[J100 + v(J000 + 2J101) + v
2(J111 + 2J001) + v
3J011]− (J133 + vJ033)/ sin
2 θ,
F˜33 = (σγ)
2 sin2 θ[J100 + v(J000 + 2J101) + v
2(J111 + 2J001) + v
3J011]
−(J122 + vJ022) sin
2 θ. (70)
The components of ΘMN in terms of the gauge-invariant variables are obtained through lengthy calculations
and are shown in Appendix C in the expanded form with respect to the shell velocity v.
C. Junction of perturbations
From now let us discuss the junction of metric perturbations given by [δqMN ]
± = 0 in Eq.(38), in order
to analyze the displacements of the shell. If the displacements are obtained for given metric perturbations in
both regions, we can determine the perturbed energy-momentum tensor in the surface (δSMN ) using the above
equations (68).
The following analyses in the shell are performed separately in the odd-parity and even-parity cases of metric
perturbations, and all perturbations in each case are treated together in spite of the difference in their 3-
dimensional behaviors. This is because the 2-dimensional angular dependence of metric perturbations in each
case is the same and indistinguishable, as was shown in the previous subsection.
1. Odd-parity perturbations
Here we consider vector and tensor perturbations together, and from the condition [(δqMN )(vector) +
(δqMN )(tensor)]
± = 0, we obtain the following two independent equations:[∫
k2dk
{
[−γaΨ+ a2(φT /a
2),τ ](Πσ) +
γ
a
v[φT (Π
′σ −Πσ′) + (l − 1)(l + 2)H
(2)
T Π]
}]±
= 0,[∫
k2dk
{
φTσΠ +H
(2)
T (σ
2Π)′
}]±
= 0, (71)
where the x0(= η) derivative was changed to the τ derivative by ∂/∂η = (a/γ)∂/∂τ .
The metric perturbations Ψ and H
(2)
T are given as functions of τ and k in both regions. In order to recover
the original local nature of φT , on the other hand, we impose the following localization condition on it using a
function d(χ): ∫
φT±Π±σ±k
2dk = φ¯T±(τ)d±(χ), (72)
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respectively, where φ¯T±(τ) are functions of only τ and the functions d±(χ) corresponding to the shell boundary
(χ = χb) and the small width ǫ are defined as
d+(χ) = 1 for χb ≤ χ ≤ χb + ǫ and 0 for 0 ≤ χ < χb or χ > χb + ǫ, (73)
and
d−(χ) = 1 for χb − ǫ ≤ χ ≤ χb and 0 for 0 ≤ χ < χb − ǫ or χ > χb. (74)
The above condition means that the total displacement (
∫
φT±Π±σ±k
2dk) has the nonzero value only in the
neighborhood of the shell. Here we assume that ǫ is small enough compared with χb. Then we find that φT±
are inversely expressed as
φT± = φ¯T±(τ)
1
k2
∫ ∞
0
Π±(χ˜)σ±(χ˜)d±(χ˜)dχ˜ ≃ φ¯T±(τ)ǫk
−2Π±(k, χb) (75)
in terms of φ¯T±(τ), using the orthonormal relations([21, 22]) of Π which are expressed as∫ ∞
0
dχΠ±(k, χ)Π±(k˜, χ)σ
2(χ) = δ(k − k˜),∫ ∞
0
dkΠ±(k, χ)Π±(k, χ˜)σ(χ)σ(χ˜) = δ(χ− χ˜) (76)
for Π± with common l. Here it should be noticed that the orthonormal relations require the integration interval
[0,∞] of χ, but it is formal and independent of the physical interval of χ in the two homogeneous regions.
Eq.(75) shows the k dependence of φT±. Under the above condition, the two unknown variables φ¯T+ and φ¯T−
are determined by solving the above two equations, as follows.
First we obtain from the latter equation of Eq.(71)
φ¯T− = φ¯T+ +
∫
k2dk[H
(2)
T (σ
2Π)′]±. (77)
Next let us differentiate the latter equation with respect to τ . Then we obtain[∫
k2dk
{
φT,τ (Πσ) +H
(2)
T,τ (Πσ
2)′ + [φT (Πσ)
′ +H
(2)
T (Πσ
2)′′]γv/a
}]±
= 0. (78)
Eliminating φT,τ from the former of Eq.(71) and Eq.(78), we obtain[∫
k2dk
{
2φT
[aτ
a
σ + γ(v/a)σ′)
]
Π+ γaΨΠσ +H
(2)
T,τ (Πσ
2)′ + γ(v/a)H
(2)
T [(Πσ
2)′′ − (l − 1)(l + 2)Π]
}]±
= 0.
(79)
Substituting Eqs.(72) and (75) to this equation, moreover, we obtain[
2φ¯T
(aτ
a
σ + γ(v/a)L
)]±
+
[∫
k2dk
{
γaΨΠσ +H
(2)
T,τ (Πσ
2)′ + γ(v/a)H
(2)
T [(Πσ
2)′′ − (l − 1)(l + 2)Π]
}]±
= 0,
(80)
where
L ≡
∫
dk
∫
dχ˜d(χ˜)Π(χ˜)σ(χ˜) Π(χ)σ′(χ). (81)
In Appendix D, L is rewritten and reduced to a compact form. Eliminating φ¯T− using Eq.(77), therefore, we
obtain
2φ¯T+
[aτ
a
+
γv
a
L
]±
=
(aτ
a
+
γv
a
L
)
−
[∫
k2dkH
(2)
T (Πσ
2)′
]±
−
[∫
k2dk
{
γaΨΠσ +H
(2)
T,τ (Πσ
2)′ + γ(v/a)H
(2)
T [(Πσ
2)′′ − (l − 1)(l+ 2)Π]
}]±
. (82)
Thus Eqs.(77) and (82) give us φ¯T+ and φ¯T− in terms of given 3-dimensional metric perturbations. Here let
us assume that v vanishes for simplicity. This condition holds in a good approximation, because v (≈ 10−5) is
very small in our background models, as was shown by Sakai et al. (cf. §2). Then φ¯T is reduced to
φ¯T+ = −
1
2
[aτ
a
]−1
±
{[∫
k2dk aΨΠσ
]±
+
[∫
k2dkH
(2)
T,τ (Πσ
2)′
]±
−
(aτ
a
)
−
[∫
k2dkH
(2)
T (Πσ
2)′
]±}
. (83)
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2. Even-parity perturbations
Here we consider scalar, vector and tensor perturbations together, and from the condition [(δqMN )(scalar) +
(δqMN )(vector) + (δqMN )(tensor)]
± = 0, we obtain the following four independent equations:[
F 2
∫
k2dk
{
ζ0Π+ 2vζLΠ
′ + v2[ζLLΠ+ 2φL(Π
′′ +
1
3
k2Π)]− 2v
l(l+ 1)Π
σ
[−a2Ψ+ (a3/γ)(φT /a
2),τ
−vφT
(
Π′
Π
−
σ′
σ
)
] + v2H
(2)
T
LΠ
σ2
}]±
= 0,[
F
∫
k2dk
{
ζLΠ+ 2vφL[Π
′ −
σ′
σ
Π] + [−a2Ψ+ (a3/γ)(φT /a
2),τ ](Πσ)
′ + vφT [(Πσ)
′′ − 2
σ′
σ
(Πσ)′
+l(l+ 1)(Π/σ)] + vH
(2)
T (l − 1)(l + 2)(Πσ)
′/σ
}]±
= 0,
[∫
k2dk
{
φLΠ+ 2φT (Πσ)
′ + 2GlH
(2)
T
}]±
= 0,[∫
k2dk
{
ζLLΠ+ 2φL
[
Π′
σ′
σ
+
(
k2
3
−
l(l+ 1)
2σ2
)
Π
]
− φT
l(l + 1)
σ2
[(Πσ)′ − 2σ′Π]−
L
2
H
(2)
T Π
}]±
= 0,(84)
where the first and second equations come from the (00) and (0a) components of the condition and the last
two equations come from (ab) component. In these equations the metric perturbations ΦA,ΦH ,Ψ and H
(2)
T are
given as functions of τ and k at both regions.
Now in the same way as in the odd-parity case, we impose a localization condition for φ0, φL and φT as follows,
using the function d±(χ) (defined in Eqs.(73) and (74), so that the original local property of the displacement
may be recovered: ∫
φ0±Π±k
2dk = φ¯0±(τ)d±(χ),∫
φL±Π±k
2dk = φ¯L±(τ)d±(χ),∫
φT±(Π±σ±)
′k2dk = φ¯T±(τ)d±(χ), (85)
where φ¯0±(τ), φ¯L±(τ) and φ¯T±(τ) are functions of only τ . This condition means similarly that the total
displacements have the nonzero values only in the neighborhood of the shell. Inversely φ0± and φL± are
expressed as
φ0± = φ¯0±(τ)
1
k2
∫ ∞
0
Π±σ
2
±d±(χ)dχ ≃ φ¯0±(τ)ǫk
−2Π±(k, χb)σ
2
±(k, χb),
φL± = φ¯L±(τ)
1
k2
∫ ∞
0
Π±σ
2
±d±(χ)dχ ≃ φ¯L±(τ)ǫk
−2Π±(k, χb)σ
2
±(k, χb). (86)
Under this condition we find that for the above four equations there are six unknown variables φ¯0±, φ¯L± and φ¯T±,
representing the displacement of the shell. But they are redundant, because only two kinds of displacements
are allowed in the even-parity case of the 2-dimensional space, as in Mukohyama’s treatment. Here δZa from
4-dimensional scalar and vector perturbations give φLΠYlm,a and φT (Πσ)
′Ylm,a, respectively, in the similar
manner. Accordingly we impose an additional condition to relate φL± and φT± respectively in the form of∫
φT±(Π±σ±)
′k2dk =
∫
φL±Π±k
2dk or φ¯T±(τ) = φ¯L±(τ). (87)
Then we can eliminate φ¯T± using Eq.(87) and determine the remaining four variables solving the above four
equations as follows.
Here let us assume v = 0 for simplicity. Then the above equations lead to[
−
∫
dkk2ΦAΠ+ (φ¯0/a),τ
]±
= 0,
12
[
2(φ¯L,τ − 2
a,τ
a
φ¯L) +
1
a
φ¯0 − a
∫
dkk2Ψ(Πσ)′
]±
= 0,[
3φ¯L + 2
∫
k2dkH
(2)
T Gl
]±
= 0,[∫
k2dk[2a2ΦH −
L
2
H
(2)
T ]Π− 2a,τ φ¯0 + 2φ¯LM
]±
= 0, (88)
where
M≡
∫
dk
∫
dχ˜d(χ˜)Π(χ˜)σ2(χ˜)
Π′(χ)
σ(χ)
[
σ′(χ)−
l(l + 1)Π(χ)
(Π(χ)σ(χ))′
]
. (89)
The obtained solutions for φ¯L± and φ¯0± are expressed as
φ¯L− =
2
3
∫
k2dk[H
(2)
T Gl]
± + φ¯L+,
φ¯L+ =
{
A−
∫
k2dk
[
1
4
aΨ(Πσ)′ +
1
3
H
(2)
T,τGl
]±
+
2
3
(a,τ
a
)
−
∫
k2dk[H
(2)
T Gl]
±
}
/
[a,τ
a
]±
, (90)
and
φ¯0+ =
2a+a−
(a2+ − a
2
−),τ
[B/a− − 4Aa−,τ ],
φ¯0− =
2a+a−
(a2+ − a
2
−),τ
[B/a+ − 4Aa+,τ ], (91)
where
A ≡
1
4
∫
dτ
∫
k2dk[ΦAΠ]
±,
B ≡
∫
k2dk
[
a2ΦHΠ−
L
4
H
(2)
T Π
]±
+ φ¯L+M+ −
{
2
3
∫
k2dk[H
(2)
T Gl]
± + φ¯L+
}
M−, (92)
where the definition of M is shown in Eq.(89) and M± are estimated in Appendix D. Thus we can determine
the displacements of the shell when the metric perturbations in both regions are given.
As above-mentioned, we can derive the energy-momentum tensor in the shell by substituting the obtained
φ¯0, φ¯L and φ¯T to Eq.(68), in which φ0, φL and φT can be replaced by φ¯0, φ¯L and φ¯T , and we find that the results
are independent of the value of ǫ, as long as ǫ/χb << 1.
V. CONCLUDING REMARKS
We have studied the junction conditions imposed on the metric perturbations in the shell boundary in a
four-dimensional model with two homogeneous regions V±. As the result we found that the perturbations with
different parities can be separated and treated independently, and that due to the inhomogeneity in the shell
the mode coupling is caused among perturbations with various types and different wave-numbers in each parity.
The displacements of the shell and the perturbed energy and momentum density for given metric perturbations
in both regions can however be consistently derived.
Our results do not mean that arbitrary perturbations in both regions can always be adjusted, because it
depends on the physical situation of the shell whether the obtained energy-momentum tensor in the shell is
allowed or not. For instance, if we consider an expanding or collapsing star with the empty external region,
any energy and momentum are not expected to be stored in the boundary and only gravitational radiation is
released in the external region, because there are no matter perturbations.
In the present study, though we treated the displacement of the boundary shell as spatially 3-dimensional
quantities, we could recover the original local property of the shell displacement (that it has the values only
in the neighborhood of the shell) by imposing the localization condition and could solve the equations for the
displacements.
Our result will be useful to the analyses of CMB anisotropy observed in the nonlinear structures such as
overdense regions (such as superclusters) and underdense regions (such as voids) in which we may live.
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APPENDIX A: PERTURBATIONS IN A HOMOGENEOUS MODEL
We show here the expressions for metric perturbations and harmonic functions in a homogeneous model with
the line-element in the text, paying attention to the 2-dimensional parity operation P : θ → π − θ, ϕ→ π + ϕ,
where x2 = θ and x3 = ϕ.[13, 20]
1. Scalar perturbations
Metric perturbations are expressed as
g00 = −a
2[1 + 2A(η)Q],
g0i = −a
2B(η)Qi,
gij = a
2{[1 + 2HL(η)Q]γij + 2HT (η)Qij}. (A1)
Here Q is a scalar harmonic function with the wave-number k satisfying the equation
(∆ + k2)Q = 0, (A2)
where the Laplacian ∆ is defined by ∆φ ≡ γijφ|iφ|j and |i denotes the three-dimensional covariant derivative
in the space dl2 = γijdx
idxi. Qi and Qij are defined by
Qi = −k
−1Q|i,
Qij = k
−2Q|ij +
1
3
γijQ. (A3)
Harmonic function Q is expanded using the usual spherical harmonics Ylm as
Q = Πnl (χ)Ylm(θ, ϕ), (A4)
where k2 = n2 −K for the spatial curvature K = 1, 0,−1. Then from Eq.(A2) we obtain
Π′′ + 2(σ′/σ)Π′ + [n2 − l(l + 1)/σ2]Π = 0, (A5)
where we omitted siffices of Πnl for simplicity, a prime denotes the partial derivative with respect to x
1 = χ and
σ(χ) = sinχ, χ, sinhχ for K = 1, 0,−1, respectively. The normalized expressions of Π are found in Wilson’s
paper[21]. For the above-mentioned parity operation, we have
P (Ylm) = (−1)
lYlm. (A6)
This property is called the even parity.
2. Vector perturbations
Metric perturbations are expressed as
g00 = −a
2,
g0i = −a
2B(1)(η)Vi,
gij = a
2[γij + 2H
(1)
T (η)Vij ]. (A7)
Here Vi is a vector harmonic function with the wave-number k satisfying the equations
(∆ + k2)Vi = 0, V
i
|i = 0, (A8)
and Vij is defined by
Vij ≡ −(2k)
−1[Vi|j + Vj|i]. (A9)
In vector perturbations there are two cases with different parities.
14
a. The case of odd parity
The components of vector harmonics Vi are expressed as
V1 = 0,
V2 = −σ ΠYlm,3/ sin θ,
V3 = σ ΠYlm,2 sin θ. (A10)
In this case we have P (Vi) = (−1)
l−1Vi and the property is called the odd parity.
b. The case of even parity
The vector harmonics Vi in another case is
V1 =
l(l+ 1)
σ
ΠYlm,
(V2, V3) = (Πσ),1(Ylm,2, Ylm,3). (A11)
In this harmonics, we have P (Vi) = (−1)
lVi, so that the property is called the even parity.
3. Tensor perturbations
Tensor harmonics Gij satisfies
Gik
|j
|j = −k
2Gik, G
k
i |k = 0, G
i
i = 0, (A12)
and the components are expressed as follows using Πnl and Ylm. The tensor perturbations also have two cases
with different parities.
a. The case of odd parity
G11 = 0,
G22 = (Πσ
2),1(−Xlm/ sin θ),
G33 = (Πσ
2),1Xlm sin θ,
G23 = (Πσ
2),1Zlm sin θ,
G12 = (l − 1)(l + 2)Π(−Ylm,3/ sin θ),
G13 = (l − 1)(l + 2)ΠYlm,2 sin θ, (A13)
where
Xlm ≡ 2(Ylm,23 − cot θYlm,3), (A14)
Zlm ≡ Ylm,22 − cot θYlm,2 − Ylm,33/ sin
2 θ. (A15)
If we define a two-dimensional vector Wa with the components W2 = −Ylm,3/ sin θ and W3 = Ylm,2 sin θ, it is
found that Gab and G1a is reduced to
Gab = (σ
2Π),1(Wa‖b +Wb‖a),
G1a = (l − 1)(l + 2)ΠWa. (A16)
For the parity operation, we have the odd-parity property P (Gij) = (−1)
l−1Gij .
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b. The case of even parity
The tensor harmonics in another case are
G11 =
L
σ2
ΠYlm,
(G22, G33) = −
L
2
ΠYlm(1, sin
2 θ) + Gnl Zlm(1,− sin
2 θ),
G23 = G
n
l Xlm,
G12 = (l − 1)(l+ 2)
1
σ
(Πσ),1Ylm,2,
G13 = (l − 1)(l+ 2)
1
σ
(Πσ),1Ylm,3, (A17)
where L ≡ l(l + 1)(l − 1)(l + 2), and
Gnl ≡ σσ
′Π,1 + [
1
2
(l2 + l + 2)− (k2 − 2)σ2]Π. (A18)
In this case we have the even-parity property P (Gij) = (−1)
lGij .
APPENDIX B: Jλµν
The resulting expressions for Jλµν for three types of metric perturbations are shown here.
1. Scalar perturbations
J000 = 2{−a
2Φ˙A + φ¨0 − 3
a˙
a
φ˙0 + [3(
a˙
a
)2 −
a¨
a
]φ0}Q,
Ji00 = 2[a
2ΦA + φ¨L − 3
a˙
a
φ˙L + [2(
a˙
a
)2 −
a¨
a
]φL}Q,i, (i = 1, 2, 3)
J101 = 2{a
2Φ˙H − [
a˙
a
φ˙0 + (
a¨
a
− 3(
a˙
a
)2)φ0]}Q+ 2(φ˙L − 4
a˙
a
φL)Q,11,
J10b = 2(φ˙L − 2
a˙
a
φL)[Q,1b −
σ′
σ
Q,b], (b = 2, 3)
J111 = [2a
2ΦH − 4
a˙
a
φ0 − 2
a˙
a
(φ˙L − 2
a˙
a
φL)]Q,1 + 2φLQ,111,
J11b = (2a
2ΦH − 2
a˙
a
φ0)Q,b + 2φL[Q,11 − 2
σ′
σ
Q,1 + 2(
σ′
σ
)2Q],b, (b = 2, 3)
J122 = −2(ΦHa
2 +
a˙
a
φ˙L)σ
2Q,1 + 2φL{Q,122 − 2
σ′
σ
Q,22 + σσ
′Q,11 − [(σσ
′)′ − 2(
a˙
a
)2σ2]Q,1},
J133 = −2(ΦHa
2 +
a˙
a
φ˙L)σ
2 sin2 θQ,1 + 2φL{Q,133 − 2
σ′
σ
Q,33 + sin
2 θσσ′Q,11
− sin2 θ[(σσ′)′ − 2(
a˙
a
)2σ2]Q,1 + sin θ cos θ(Q,1 −
σ′
σ
Q),2},
J123 = −2φLσ
2 sin θ[Q/(σ2 sin θ)],123,
J011 = [−2(a
2ΦH)
. + 4aa˙ΦA − 2
a˙
a
φ˙0]Q + 2φ0{Q,11 + [
a¨
a
+ (
a˙
a
)2]Q} − 4
a˙
a
φLQ,11,
J022 = [−2(a
2ΦH)
. + 4aa˙ΦA − 2
a˙
a
φ˙0]σ
2Q+ 2φ0{Q,22 + [
a¨
a
+ (
a˙
a
)2]σ2Q+ σσ′Q,1}
− 4
a˙
a
φL[Q,22 + σσ
′Q,1],
J033 = [−2(a
2ΦH)
. + 4aa˙ΦA − 2
a˙
a
φ˙0]σ
2 sin2 θQ+ 2φ0{Q,33 + [
a¨
a
+ (
a˙
a
)2]σ2 sin2 θQ
+ σσ′ sin2 θQ,1 + sin θ cos θQ,2} − 4
a˙
a
φL[Q,33 + σσ
′ sin2 θQ,1 + sin θ cos θQ,2],
J023 = 2(φ0 − 2
a˙
a
φL)(Q,23 − cot θQ,3),
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J01b = 2(φ0 − 2
a˙
a
φL)(Q,1b −
σ′
σ
Q,b), (b = 2, 3)
J00i = [−2a
2ΦA + 2(φ˙0 − 2
a˙
a
φ0)− 2
a˙
a
(φ˙L − 2
a˙
a
φL)]Q,i, (i = 1, 2, 3). (B1)
2. Vector perturbations
J000 = 0,
J100 = 2[φ¨T − 6
a˙
a
φ˙T + 2(−
a¨
a
+ 2(
a˙
a
)2)φT − a
2(Ψ˙ +
a˙
a
Ψ)]V1,
J101 = 2(φ˙T − 2
a˙
a
φT )V1,1,
J10b = a
2Ψ(Vb,1 − V1,b) + 2(φ˙T − 2
a˙
a
φT )(V1,b −
σ′
σ
Vb), (b = 2, 3)
J111 = [2aa˙Ψ− 2
a˙
a
(φ˙T − 2
a˙
a
φT )]V1 + 2φTV1,11,
J122 = 2
a˙
a
σ2(a2Ψ− φ˙T )V1 + 2φT [V1,22 + σσ
′V1,1 − 2
σ′
σ
V2,2 − (σσ
′)′V1 + 2(
a˙
a
)2σ2V1],
J133 = 2
a˙
a
σ2 sin2 θ(a2Ψ− φ˙T )V1 + 2φT [V1,33 + σσ
′ sin2 θV1,1 − 2
σ′
σ
V3,3
− (σσ′)′ sin2 θV1 + 2(
a˙
a
)2σ2 sin2 θV1 + sin θ cos θ(V1,2 − 2
σ′
σ
V2)],
J123 = 2φT [V1,23 −
σ′
σ
(V2,3 + V3,2) + cot θ(−V1,3 + 2
σ′
σ
V3)],
J11b = 2φT [V1,1a −
σ′
σ
(Vb,1 + V1,b) + 2(
σ′
σ
)2Vb], (b = 2, 3)
J00i = [2aa˙Ψ− 2
a˙
a
(φ˙T − 2
a˙
a
φT )]Vi, (i = 1, 2, 3)
J011 = −2(a
2Ψ+ 2
a˙
a
φT )V1,1,
J022 = −2(a
2Ψ+ 2
a˙
a
φT )(V2,2 + σσ
′V1),
J033 = −2(a
2Ψ+ 2
a˙
a
φT )(V3,3 + σσ
′ sin2 θV1),
J023 = −(a
2Ψ+ 2
a˙
a
φT )(V2,3 + V3,2 − 2 cot θV3),
J01b = −(a
2Ψ+ 2
a˙
a
φT )(V1,b + Vb,1 − 2
σ′
σ
Vb). (b = 2, 3) (B2)
3. Tensor perturbations
J000 = J001 = J002 = J003 = J100 = 0,
Ji0j = −2(a
2H˙
(2)
T )Gij , (i, j = 1, 2, 3)
J111 = 2a
2H˙
(2)
T G11,1,
J122 = 2a
2H˙
(2)
T [2G12,2 −G22,1 + 2σσ
′G11],
J133 = 2a
2H˙
(2)
T [2G13,3 −G33,1 + 2σσ
′ sin2 θG11 + 2 sin θ cos θG12],
J123 = 2a
2H˙
(2)
T [G12,3 +G31,2 −G23,1 − 2 cot θG13],
J11b = 2a
2H˙
(2)
T [G11,b − 2
σ′
σ
G1b]. (b = 2, 3) (B3)
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APPENDIX C: THE INTRINSIC QUANTITY ΘMN IN THE SHELL
The expressions of ΘMN are shown for three types of metric perturbations, where M and N take the values
0, 2 and 3.
1. Scalar perturbations
Θ00 =
2
a3
{
σ′
σ
a2(ΦH + 2ΦA)Q+ a
2ΦHQ,1
}
+
2
a3
σ′
σ
(−2φ˙0 +
a˙
a
φ0)Q
+
2
a
a˙
a
φ˙LQ,1 −
1
a3
φL{
1
σ2
[(Q,1 − 2
σ′
σ
Q),22 + (Q,1 − 2
σ′
σ
Q),33/ sin
2 θ]
− 2[
σ′′
σ
+ (
σ′
σ
)2 − 2(
a˙
a
)2]Q,1 +
1
σ2
cot θ(Q,1 − 2
σ′
σ
Q),2}
+
2v
a3
a2[Φ˙H +
a˙
a
(3ΦH +ΦA)]Q+
2v˙
a
a2ΦAQ
−
v
a3
φ0
[(
2
a¨
a
+ 4(
a˙
a
)2 −
l(l + 1)
σ2
)
Q+ 4
σ′
σ
Q,1
]
−
2
a3
(3
a˙
a
v + v˙)(φ˙0 −
a˙
a
φ0)Q
+
2
a2
a˙
a
φ˙0Q+
2v
a3
φL
a˙
a
[Q,11 +
1
σ2
(Q,22 +Q,33/ sin
2 θ)
+ 4
σ′
σ
Q,1 +
1
σ2
cot θQ,2]−
2v
a3
σ′
σ
φ˙LQ,1 + 0(v
2),
Θ22 = Θs +
1
a
φL{(Q,133 − 2
σ′
σ
Q,33)/ sin
2 θ + cot θ(Q,12 − 2
σ′
σ
Q,2)− 4
σ′
σ
Q,22}+ 0(v),
Θ33 = Θs sin
2 θ +
1
a
φL{(Q,122 − 2
σ′
σ
Q,22) sin
2 θ − 4
σ′
σ
(Q,33 + sin θ cos θQ,2)} + 0(v),
Θ0b = −
1
a2
(φ˙L − 2
a˙
a
φL)(Q,1 +
σ′
σ
Q),b −
2
a2
σ′
σ
φ0Q,b −
2
a2
v˙(φ˙L − 2
a˙
a
φL + φ0)Q,b
−
v
a2
{[2a2(ΦH − ΦA) + 2φ˙0 + 4
a˙
a
(φ˙L − 2
a˙
a
φL)]Q,b + 2φL[Q,11 + 2
σ′
σ
Q,1
− 2(
σ′
σ
)2Q],b}+ 0(v
2), (b = 2, 3)
Θ23 =
1
a
{φL[Q,12 − 2
σ′
σ
Q,2 − cot θ(Q,1 − 2
σ′
σ
Q)],3 − v(φ0 − 2
a˙
a
φL)(Q,2 − cot θQ),3
+ 2(2
σ′
σ
− 3
a˙
a
v − v˙)φL(Q,23 − cot θQ,3)}+ 0(v
2), (C1)
where
Θs/σ
2 ≡ −
1
a
a2(ΦA +ΦH)Q.1 − 5
σ′
σ
1
a
(a2ΦH −
a˙
a
φ0)Q−
1
2a
(φ¨L − 2
a˙
a
φ˙L)Q,1
+
1
a
φL{−
σ′
σ
Q,11 + [
σ′′
σ
− 3(
σ′
σ
)2]Q,1 + [
a¨
a
− (
a˙
a
)2]Q,1}+ 0(v). (C2)
2. Vector perturbations
Θ00 = −
1
a3
{ a˙
a
(a2Ψ− φ˙T )V1 + φT [−2
σ′
σ
V1,1 + 4(
a˙
a
)2V1 +
1
σ2
(
V1,22 − 2
σ′
σ
V2,2
+ (V1,33 − 2
σ′
σ
V3,3)/ sin
2 θ + cot θ(V1,2 − 2
σ′
σ
V2)
)
+ 2
σ′
σ
V1,1 −
2(σσ′)′
σ2
V1]
}
+
v
a3
{
2
a˙
a
φTV1,1 − 2[a
2Ψ+ a2(φT /a
2).]
σ′
σ
V1
+ (a2Ψ+ 2
a˙
a
φT )[
1
σ2
(V2,2 + V3,3/ sin
2 θ) + 2
σ′
σ
V1]
+ 4
σ′
σ
[−a2Ψ+ a2(φT /a
2).]V1
}
+ 0(v2),
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Θ22 = Θv +
1
a
φT [(V1,33 − 2
σ′
σ
V3,3)/ sin
2 θ − 4
σ′
σ
V2,2 + cot θ(V1,2 − 2
σ′
σ
V2)]
−
2
a
φT (3
a˙
a
v + v˙)V2,2 −
v
a
(a2Ψ+ 2
a˙
a
φT )V3,3/ sin
2 θ + 0(v2),
Θ33 = Θv sin
2 θ +
1
a
φT [(V1,22 − 2
σ′
σ
V2,2) sin
2 θ − 4
σ′
σ
(V3,3 + sin θ cos θV2)]−
2
a
φT (3
a˙
a
v + v˙)(V3,3
+ sin θ cos θV2)−
v
a
(a2Ψ+ 2
a˙
a
φT )V2,2 sin
2 θ + 0(v2)
Θ23 = −
1
a
φT [V1,23 +
σ′
σ
(V2,3 + V3,2)− cot θ(V1,3 + 2
σ′
σ
V3)]
+
v
2a
[a2Ψ+ 2(
a˙
a
−
2σ′
σ
)φT ](V2,3 + V3,2 − 2 cot θV3),
Θ0b = −
1
a2
{
1
2
a2Ψ(Vb,1 − V1,b) + (φ˙T − 2
a˙
a
φT )(V1,b −
σ′
σ
Vb)
+ (2
σ′
σ
+ 3
a˙
a
v + v˙)[−a2Ψ+ a2(φT /a
2).]Vb}
−
v
a2
{[aa˙Ψ−
a˙
a
(φ˙T − 2
a˙
a
φT )]Vb + φT [V1,1b −
σ′
σ
(Vb,1 + V1,b) + 2(
σ′
σ
)2Vb]}
+ [−
1
a
vφT (2
σ′
σ
+ 3
a˙
a
v + v˙)](V1,b + Vb,1 − 2
σ′
σ
Vb) + 0(v
2). (b = 2, 3) (C3)
where
Θv ≡ −
σ2
a
σ′
σ
φT [V1,1 + 4
σ′
σ
V1]−
σ2
a
[φ¨T − 6
a˙
a
φ˙T + 2(−
a¨
a
+ 2(
a˙
a
)2)φT
− a2(Ψ˙ +
a˙
a
Ψ)]V1 +
σ2
a
{
a˙
a
(a2Ψ− φ˙T )V1 + φT [
σ′
σ
V1,1
+ 2(
a˙
a
)2V1 − (
σ′
σ
)′σ−2V1]} −
σ2
a
{[2v(φ¨T −
a˙
a
φT ) + v˙φT ]V1,1 +
σ′
σ
v[a2Ψ
+ a2(φT /a
2).]V1} − 2
σ2
a
φT (3
a˙
a
v + v˙)
σ′
σ
V1 −
v
a
(a2Ψ+ 2
a˙
a
φT )σσ
′V1 + 0(v
2). (C4)
3. Tensor perturbations
Θ00 = −a
−1H
(2)
T [σ
−2(2G12,2 −G22,1 + (2G13,3 −G33,1)/ sin
2 θ) + 6
σ′
σ
G11
+ 2 cot θσ−2G12] + 0(v),
Θ22 = aH
(2)
T [3σσ
′G11 + (2G13,3 −G33,1)/ sin
2 θ + 2 cot θG12] + 0(v),
Θ33 = aH
(2)
T [3σσ
′G11 + (2G12,2 −G22,1)] sin
2 θ + 0(v),
Θ23 = aH
(2)
T [4
σ′
σ
G23 − (G12,3 +G13,2 −G23,1 − 2 cot θG13)] + 0(v),
Θ0b = −H˙
(2)
T G1b + 0(v). (b = 2, 3) (C5)
APPENDIX D: INTEGRALS L AND M
The integrals L and M in Eqs. (81) and (89) are rewritten here using the the orthonormal relations (76).
First we have
L = [σ′(χ)/σ(χ)]
∫
dχ˜d(χ˜)
∫
dkΠ(χ˜)σ(χ˜)Π(χ)σ(χ)
= [σ′(χ)/σ(χ)]d(χ). (D1)
Since d(χ) = 1 in the neighborhood of the shell, we obtain
L± = (σ
′/σ)±. (D2)
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Next we notice that
ΠΠ′
(Πσ)′
=
Π
σ
(
1−
Πσ′
(Πσ)′
)
(D3)
and the factor |Πσ′/(Πσ)′| is≪ 1, if assume that the perturbations shorter enough than the shell size contribute
dominantly to the integral. Then M reduces to
M =
∂
∂χ
∫
dχ˜d(χ˜)σ(χ˜)
∫
dkΠ(χ˜)σ(χ˜)
[(
Π(χ)σ(χ)
σ′(χ)
σ(χ)
)′
−
Π(χ)σ′(χ)
σ(χ)
(
σ′(χ)
σ(χ)
)′]
− l(l+ 1)
∫
dχ˜d(χ˜)σ(χ˜)
∫
dkΠ(χ˜)σ(χ˜)
Π(χ)σ(χ)
σ3(χ)
(
1−
Π(χ)σ′(χ)
(Π(χ)σ(χ))′
)
=
{
σ
[
(
σ′
σ2
)′ −
1
σ
(
σ′
σ
)′
]
−
l(l+ 1)
σ2
(
1− 0〈
Πσ′
(Πσ)′
〉
)}
d(χ)
= −
1
σ2
[
(σ′)2 + l(l + 1)
(
1− 0〈
Πσ′
(Πσ)′
〉
)]
d(χ), (D4)
where 〈Πσ′/(Πσ)′〉 represents the root-mean-square of Πσ′/(Πσ)′ in the k-space. Accordingly, we obtain
M± ≃ −
1
σ2±
[(σ′)2± + l(l + 1)]. (D5)
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